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A several-person position differential game is analyzed. Each player wants
to lead the current position onto his own target set within his own constrain-
ts. A theorem, whose meaning follows, is proved under specified condi-
tions, For each initial position either there is a single player resolving

his own guidance problem under all possible counteractions of the remain-
ing players or a control method can be found for all players such that not
one of them can solve his own guidance problem if all the rest adhere to
the control method mentioned. The proof is based on an assertion on an
alternative for a two-person position differential game from [1], Various
aspects of several-person position differential games have been considered
also in {2-4],

1, Basic concepts and definitions, Consider the system described by
the equation
dr jdt = f(t, 2ty <o 0 ty)y, WEP;, =525k

jiRxXE"XE"x...x E"%— E"
Here x & E" is the phase vector, u; is the i-th player’s control, P; is a compactum

in space E™, the function f is continuous in all arguments. We use the following no-
tation:

P=P, X...XPy PO»=P x...XPiy XPyyX..

. X'Py
U = (ul, . ey uk), Ul = (ul’ e ey Ugqy Ugggs o 0 oy u’k)
(u, = P, u@® = P(i))
By (u;*, u™)we mean (uy, ..., u*, ..., u). Everywhere the index i takes
the values 1, 2, . . .,(k is the number of players). For function f we additionally

assume:
1) a constant % > 0 exits such that forany =z

7tz g <ot +]z])
uniformly inf & Rand u & P
2) for each bounded set G from the space E™*1 of positions {f, z} there exists
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a positive constant Ag such that
If g 2®, u) —f(t 2®, u) | < Ag | 20 — 2@ |
forall {t, 2V} =G, {t, 2P} &G andu = P ;
3) for any vector s &= En, any position {f, z} & E"*! and any number i
min  max s -f(t,x,u;, u?) =
wepl) HEP; ,

max min §-f (¢ z, u,ud)
weP; yiep®

In particular, functions of the form

i zouy, ooy ) =@ 2, u) +...F Oz, u

possess the last property,
Definition 1. A functionU;:En+t —> P,is called the i-th player's strategy.
Let A be a partitioning of the semi-axis [¢,, oo) by pointst,, s ==0,1,2, ..,
where Ts < Tssq for all Sand Ty = &,
Definition 2, Every absolutely continuous function satisfying the differential
equations
dxA/dt = f(t7 Za [t], Uix [TS? N [Ts]’ B Uil [tsv LA [Ts]]

Wiy, (s et (8] TSSO T, s=0,1,2,0 00, zalt] =2y

is called an Euler polygonal line ¥4 [t, ter Zgo Ui - - 0 Uy £ E 4y, 00),
issuing from the position {f4, Z4} and generated by the strategies U;,, . . . Uy of
the [ players (1 < I k). Here Ui L, j=1-+1, ... k, are ambitrary
Lebesgue-integrable functions for which u;, [f] & P,-j, t = ¥, oo).

Definition 3, Every function z [-] for which we can find in any interval
{t4, 8] a sequence of Euler polygonal lines zo'® [£, ty, 2., Uiy ..., Uyl
t & [ty, o) (p = 1,2 .. )converginguniformly to it on this interval under the con-
ditionlim sups (fcﬁfi — T4(™) = 0,as p — 00,is called a motion issuing from position

{ty, x4} and generated by the strategies U;,, . . ., U;, of the | players. The co-
llection of all motions issuing from position {t,, Z,}*and generated by the strategies
Uiy, ..., Uy of the I players is called the sheaf of motions X [¢,,,Us,,.. UL

Let 2k closed sets M,, ..., My, Ny, ..., Nysuch that M; C N,

i=1,...,k, begivenin the position space E™*! |

Definition 4. The condition of contact with set M; by the instant © is full-
filled for the absolutely continuous function z [¢] (£ & [fy, c0)) if an instant T & [ty

9] existssuch that z{tl &= M; (x) and ztl = N; (1) for t = 1, 1l
Here and later on A () = {z | {t, z} & A}forany A C E™+1,
Definition 5. Let A* be an open g-neighborhood of set 4 CC E™1 (for
A = (% we assume A® = (). We say that the absolutely continuous function z [}
(¢ &= [ty, ©0)) evadesset M;* until the instant & (& > t,) if = [t]1 & M (2)
forany t < 7t. Here T =71 when z[tl &= N;* (¢)forall & [ty, 0] and
v = min {t* | z [t*] € N;® (v*)} otherwise.

Let M and N be arbitrary closed sets from space E"+!, and M C N. The
two-person position differential game in which the i-th player solves the guidance
problem (in the formulation given in [1]) by the instant § onto set M within the phase
constraints N and in which the unification of players remaining oppose him is denoted
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by the symbol (i, (i), M, N, ®). The symbol ((i), &, M, N, ¥) genotes the two-per-
son différential game in which the guidance problem is solved by tue totality of all

players excepting the i-th one who now participates as a player-opponent. Let W; be
the maximal stable bridge in game (i, (i), M;, N;, ®). For brevity the set Wi is
called the maximal I-stable bridge, In analogy with the notation adopted earlier, by
the symbol I/ we mean the collection of k strategies Uj, ..., Uy and by the sym-
bol U , the collection of & — 1 strategies U, ..., U, Ussy, . . ., Uj.

2. Statement and proof of the main result,

Theorem. Let W; [} W; = (Z when i =] forall {,j=1,2,...k.
Then for every initial position {fy, Z,} either a number i and a strategy U;* of the
i-player exist such that each motion from the sheaf X [¢, z,, U;] will satisfy

the condition of contact with set M; by the instant ¢ or & > 0 and a collection
U° = {US, ..., Ud}of strategies of the k& players will be found such that for
any I each motion from the sheaf X [f;, z,, gi°], where UW°® = {U, .. .,
Ui’y U’y - ..y U’} will evade the a-neighborhood of set M; until instant 4.
The theorem's proof is based on two lemmas, In the half-space Eg"+! = {{t,
z} | t < B} let there be given the system of sets

(2.1)
Siy oo S DO, .. D®

possessing the properties: 1) set D is closed; 2) i [1 8; = (J for i %, i, ] =
1, ..., k; 3)forall i theset S == F,™1 \_§; isa closed stable bridge in
the game ((i), i, D®, Eg"1, §). with the sets (2. 1) introduced we associate a collec-
tion U° = {Uy, ..., U} of strategies of the k players, which we say is extre-
mal to the set § = Eg™t \ (S; UJ . .. U Sy). The strategies in this collection
are determined by the following conditions:
a)if {t, z} & S, forsome i and S (t) = ¢, then U’ (¢, z) is found from
the equality
min max s, -f(t, 2, u;, ud) =
ullepi) U;EP;
max s, -f (¢, &, Uy, ulY), S =0 —wy
w,eP;

where w,, is an arbitrary vector satisfying the equality

It 2} — {twa | = min | {2} = {6 w} |

and U;° (1, *) is assumed to be an arbitrary vector from Py

by if {f, 2} &S forsome i but S (f) = (F orelse {t, z} & §;, then
U° (t, z) is an ambitrary vector u & P.

Lemma 1, Let J° be the collection of strategies of the k players, extremal
to set §. Then for any position {fy, Zo} & S and any number ¢ each motion from
the sheaf X [£,, 29, U®°] goes onto set D™ and does so before it leaves set SO,

Froof. Forany i the collection ¢™° of k — 1 strategies is an extremal
strategy to set SV in game ((i, ) i, D'V, EX*!, ®). Therefore, by virtue of the stability
of set S all motions from the sheaf X [tx, ¥, U*°1, where {te, 1) = s, go onto
set D' and do so before leaving set S. The lemma's validity now follows from the
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inclusion {fs, 7o} € S and the equality § = 7} §',

By W and W, where ¢ isan arbitrary positive number, we denote maximal sta-

ble bridges of the first player in some differential game of guidance by instant ¥ onto
the target sets M and A7® within the phase constraints V and V® | respectively,
(the overbar denotes the closure),

Lemma 2, Ifset M is bounded and set ¥V has a bounded projection onto the
time axis, thenin any § > 0 we can find & > 0 such that We C W?.

Proof. Indeed, assuming the contrary, we arrive at the existence of 6§ >> 0 and
of a monotonically decreasing sequence {e,} of positive numbers, converging to zero,
such that #, = W, [} (Eg™ W% ¢ forall » -1, 2,.... . Each set
an, n==14,2,..., isacompactum and . A C ]"gp for all »; therefore, the set
sequence {an} has a nonempty intersection 7. Let {#, x4} & F. Then {ty, 74} €
W. Hence, using the theorem on the alternative [1], we have that {ter 2} & Wi for
some % > 0. The latter contradicts the inclusion {t,. w«} & W foralln = 1.2,.. ..
This contradiction proves the lemma,

Proof of the theorem. If {fg» Zo} & Wi for some i, then, obviously,
the theorem’s first assertion holds, Suppose that {f,, z,} == W, forany i. We show
that the theorem's second assertion is valid, It suffices to consider the case when sets

M; and N; are bounded. Indeed, we denote the maximal stable bridge in the game
{, {i), fui*, Ni*’ \‘}") b}? Wi* , Here Mi* == AMi ﬂ B (fm 20) and Ni* = NZ- r]
B (ty, zo).and B (f. «a) 1isa closed sphere in E™"™ of a radius so large that all
motions issuing from the position {to, o} remain in this sphere during the interval
{19, ] . It is obvious that {fe. 7¢} © U W;*.  We now note that the theorem's second
assertion for the position {fs. %o} relative to sets M; and #¥; holds if and only if the
theorem's second assertion for position {to, %o} is valid relative to sets M;* and N;*.
Let Wiy, % > 0 ,be the maximal stable bridge in the game (7, (i), M *,
N;*, 8). Foreach & > 0 we consider the system of sets
Sie= | Wi, DO =Nt a}|t =0}
“[0, £}
We prove taat for sufficiently small & > O it possesses all the properties of system (21)
Indeed, the fulfillment-of property 1) is obvious. Property 2) follows from Lemma 2, Let
us show the fulfillment of property 3), By construction S is the set of all positions
for which, as for the initial positions,the i-th player's problem on contact with set
M ;* within set N;* by instant § is solvable for at least one % & [0, &). Consequently,
S, ¢ is the set of all positions for which, as for the initial positions, the i-th
player's problem of evading the set (NV;*)) {{t, 2} | # = ) withinset (M;*)°
by instant ¥ is solvable, Then it follows from the theorem on the alternative [1] that
the set E™! \( S is the maximal stable bridge in the game ((i), 7, (N;9)° U {{¢,
x} |t = 0}, (M;*)°, ). Consequently, this is the closed stable bridge for the game
(@), i, (N {{t x} I t =9}, Eg™1, §), which signifies the fulfillment of
property 3).
Applying Lemma 1, we obtain that if {to, %} & Se = Es™"\(Sye U.-- U Sod
and & > 0 is sufficiently small, then for any i each motion in the sheaf X [#,, o,
UW®],  where U° is the collection of strategies extremal to set Se, goes onto set
(N&) |) {{t, z} | t = &} before leaving the set S¢') = Eg"*N\ ;e By virtue of
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the obvious inclusion M;* C S each motion from the sheaf X [fy, %oy U4
evades the e-neighborhood of set A;. From Lemma 2 follows the existence of % >

0 sosmall that {#,, 2o} & S¢ for all &< %. This completes the theorem's proof.
Notes, 1°, Let k=2 and N, = ¢. Then the theorem presented is equi-
valent to the theorem on the alternative for a two-person differential game in the formu-
lation from [1] if we set N = N; and M == M.
Indeed, let us denote the theorem from [1] by the symbol A4 and the theorem pro-
ved here by symbol B . Let us fix an initial position, From N: = ¢ follows W, = ¢.
Therefore, the first possibility of Theorem
T A holds if and only if the first possibility
of Tneorem B holds, Suppose inat the
— second possibility of Theorem A is reali-
%Mz zed for the initial position selected, i.e,
the second player's evasion strategy 'V°
is found. Then the collection of strategies

Wy S / U'y" and U,° from Theorem B can be
\\\\

M, constructed by setting U, = V° and taking
an arbitrary U:° ., Conversely,if the above-
mentioned collection of strategies U;°

and U,° exists, then the second player's
evasion strategy V° can be chosen from
Fig. 1. the condition V° = U,
2°, As we see from its definition, for the actual construction of the strategy collec-
tion U° we can make use of the results in [1] for two-person differential games.
3°, The requirement in the theorem’s hypothesis that the maximal i-stable bri-
dges are nonintersecting is an essential one, This can be seen from the following example,
Consider the three-person differential game

T = u + Uy + Ug (2.2)
w104, 0.2], ue=1—02, 04], u,&00,03], $ =35

M, = {{t,z} |t =5, z=[=21]}, M,={{t, z} |t =95, z&
(0, 21} .
My = {{t,z} |t = 5,z =4, —11}, Ny =N, =Nz =E

The sets M;, i == 1, 2, 3, and the maximal i-stable bridges corresponding to them
are shown in Fig. 1. Let D be the set of all positions {¢, £} in the half-space Es?
such that any motion of system (2,2), issuing from {t, x}, hits the set My J My {J
M (the set is shown in the Fig. 1 by dashed lines), Weset S = W [| D, where
W = Eg2 \ (W, ) W, J Ws). We can verify that § (J. The theorem's
statement is incorrect for any position {tg, Z,} & S,

The result obtained in this paper can prove useful in the investigation of several-
person differential games of kind, wherein a payoff for one of the players involves a
loss for the rest, and in cases when no player has a payoff and each participant retains
the right to prolong the conflict under certain altered conditions,
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